In recent years the study of the differential geometry of the total space E, of a vector bundle π : R → M , initiated by R.Miron [11] , [12] has been developed by many people (see [13] and the references therein). If we take a horizontal complement of the vertical subbundle V E, we can express the geometrical objects defined on E in a more simplified form and new geometric objects can be obtained.
A local frame for T E x,y , (x, y) ∈ E, adapted to the splitting (1.1) is (δ i , δ a ), where Now we can introduce the algebra of d-tensor fields on E with respect to the horizontal and vertical distributions. This algebra is locally spanned by (1, δ i , ∂ a ).
A d-connection on E is a linear connection on E which preserves by parallelism the horizontal and the vertical distributions (see [13] ).
The local coordinate expression for a d-connection ∇ on E is given by: A systematic presentation of the geometry of E is given in the monograph of Miron and Anastasiei [13] .
A d-connection on E determines an h-and v-algorithm
Throughout this paper we shall use the usual set up for the general theory of stochastic calculus. We follow closely [3] , [5] . For an introduction see [6] , [7] , [10] .
Let (Ω, F, P ) be a probability space endowed with a right continuous filtration (F t ) t>0 such that each F t contains all negligible events in F. If f : Ω → R is an integrable random variable we denote by E(f ) = Ω f dP its expectation and by E(f /G) the conditional expectation of f given G. (G is a sub σ-field of F).
A stochastic process is a measurable function x : [0, ∞) × Ω → R. One says that a process is continuous if all its sample path, t → x(t, ω), are continuous functions for almost all ω ∈ Ω.
A stochastic process is adapted if for each t ≥ 0 the random variable x(t) is F t -measurable.
A martingale is an adapted process such that for each t ≥ 0, x(t) is integrable and x(s) = E(x(t)/F s ) for every t > s ≥ 0.
A continuous local martingale is a continuous adapted process x such that the process
is a martingale for every n, where τ n = inf {t ≥ 0; | x(t) |≥ n} and X A is the indicator function A ⊂ Ω. A continuous F t -adapted process is called a semimartingale if it is written as the sum of a local martingale and a process of bounded variation. For a real semimartingale x and a continuous adapted process y we denote by ydx := ydx the Itô stochastic integral of y with respect to x, dxdy := d(xy) − xdy − ydx the joint quadratic variation of x and y and y • dx := y 0 dx the Stratonovich stochastic integral, where
If D is an elliptic second-order operator on M , an M -valued semimartingale X is called a diffusion on M with generator D if the process
is a local martingale for every smooth function f : M → R with compact support.
Stochastic parallelism on E
We consider an arbitrary smooth curve
locally expressed by the equations:
The tangent vector fieldċ of c is given by
Let X 0 ∈ H c(0) E be a horizontal tangent vector at c(0). Since ∇ preserves by parallelism the horizontal distribution we can transport X 0 by parallelism along c(t) that is, we can find a horizontal vector field X = X i δ i along c, solving of the following system of differential equations:
with the initial condition
The solution of (2.5), (2.6) will be called the h-parallel transport of X 0 along C. Analogously, ifX 0 is a vertical vector at c(0) the v-parallel transport ofX 0 along c is defined similarly as the solution of the system of differential equations:
with the initial condition:
From the assumption that the connection is g-metrical, if X(t) and Y (t) are two solutions of (2.5) we have
Also ifX(t),Ȳ (t) are two solutions of (2.7) we have
In this section we extended the concept of stochastic parallel transport along a trajectory of a diffusion process on E. For this, similar to that in [2] , [6] , [7] , we shall approximate the diffusion by piecewise smooth sample path for which the parallel transport is defined by the equations (2.5), (2.6). The theorems below are those of [2] , [3] , but are here given in a more general geometric setting.
Let c(t) = (x(t), y(t)) be a diffusion on E starting from (x 0 , y 0 ). If π : 0 = t 0 < t 1 < . . . < t n = T is a division of the time interval [0, T ] we can take a piecewise smooth approximation c π (t) = (x π (t), y π (t)) on E with bounded first second and third order derivative such that c π (
can be defined as a piecewise smooth function, solution of the following system of differential equations:
We have Theorem 2.1. The solution of the family of ordinary differential equations (2.11) , (2.12) converges in probability as mesh π → 0, to the solution X(t) of the Stratonovich stochastic differential equation
Definition 2.2. The solution of (2.13), (2.14) is called the stochastic h-parallel transport of X 0 along the diffusion c. Similarly we shall be able to define the v-stochastic parallel transport of X 0 ∈ V E c(0) along a diffusion c as the solution of the Stratonovich stochastic differential equation 
(ii) IfX(t) andȲ (t) are any two solutions of (2.16) then
We say that c is a horizontal diffusion if y(t) is a solution of the following stochastic differential equation
Also we say that c is a vertical diffusion if x(t) = x 0 a.s. The system (2.21) has, generally a local solution. We cannot, in general, extend the solution for almost all t ∈ [0, T ] but there are some important situations in which we can do it [2] , [3] , [9] . We can give a geometric description of the solution of (2.21). Let x : [0, T ] → M be a diffusion on M starting from x 0 and x π a piecewise smooth approximation with bounded first, second and third order derivative, associated to the division π : 0 = t 0 < t 1 < ... < t n = T .
We define the nonlinear transport by parallelism of y π along x π as the solution of the following (nonlinear) system of ordinary differential equations 
. If c : [0, T ] → E, c(t) = (x(t), y(t))
is a horizontal diffusion then the equations (2.13), (2.14) and (2.16), (2.17) are written:
If c(t) = (x(t), y(t))
is a vertical diffusion the equations (2.13), (2.14) and (2.16), (2.17) become
Stochastic development on E
Let O (E) be the principal bundle of frames on E defined as follows. The total space of O (E) consists of elements (x, y, z), where x ∈ M, y ∈ E x and z = (e 1 , ..., e n ,ē 1 , ...,ē m ) is frame of T E (x,y) such that (e 1 , ..., e n ) is an orthogonal frame of HE (x,y) relative to the metric structure g and (ē 1 , ...,ē m ) is an orthogonal frame in V E (x,y) with respect to the metric structure h. The differential structure of O (E) can be obtained from that of E as follows. Let us consider (U α , Φ α ) be a coordinate system of E andŨ α = {(x, y, z) ∈ O (E); (x, y) ∈ U α and z is a frame as above}.
We define the mapping:
, where
and O(n) is the group of orthogonal transformations in R n . The projection π : O (E) → E is defined as usual by π(x, y, z) = (x, y) and the right action by  R v (x, y, z) = (x, y, z · v) , where
is a smooth curve in R n+m using the d-connection ∇ we cal roll E along α(t) to obtain a curve c(t) on E as a trace of α(t). In fact, if (x 0 , y 0 , z 0 ) ∈ O (E) we must find a smooth curvec(t) = (x(t), y(t), z(t)) on O (E) such that (3.1)
Let c(t) = (x(t), y(t)), t ∈ [0, T ] be a diffusion on E starting at (x 0 , y 0 ) and z 0 an orthogonal frame in T E (x0,y0) as above.
We use the stochastic parallel transport to move this orthogonal frame along c(t) and we shall obtain the moving frame z(t) = (e 1 (t), ..., e n (t),ē 1 (t), ...,ē m (t)) such that the following stochastic differential equations are satisfied:
and almost surely on [0, T ] we have:
We regard x(t), y(t), z(t)) as a stochastic process on the orthogonal bundle O (E). Now, we can study the concept of stochastic development on E or rolling the total space E along a standard Brownian motion in R n+m , extending the Riemannian and Finslerian stochastic development of [2] , [3] .
Let w(t), v(t) be two independent standard Brownian motion in R n and R m , thus (w(t), v(t)) is a standard Brownian motion in R n+m . The system of stochastic differential equations for the stochastic development on E can be written as:
From (3.5) it follows that the solution of (3.6) is a process on O (E). Definition 3.1. The solution (x(t), y(t), z(t)) of (3.6) is called it the stochastic development on E. Theorem 3.2. The solution of stochastic differential equation (3.6 ) defines a flow diffeomorphisms on O (E) (x(t), y(t), z(t)), whose projection (x(t), y(t)), from O (E) to E is a diffusion on E starting at (x 0 , y 0 ) which have the probability law independent of the choice of the initial orthonormal frame z 0 in E (x 0 ,y 0 ) and whose generator is
This result is that of [2] , [3] but is here given a more general geometric setup. The reader should consult these papers for proof of (3.7).
Examples
We consider the tangent bundle π : 
